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ABSTRACT

A new formula is establishedto evaluatethe Euler-Poincaŕe characteristicof a polyconvex subsetX in
� d

startingonly from measurementsof X in thecellsof a tessellation.SimplificationsoccurwhenX is a union
of cells of the tessellation,leadingto anotherformula that unifiesandextendsseveral classicaldigitization
results.

Keywords:tessellation,Euler-Poincaŕecharacteristic,discretization.

INTRODUCTION

Let X be a polyconvex subset(finite union of
compactconvex subsets)in � d (usuallyd � 1 � 2 or 3).
How canweevaluatetheEuler-Poincaŕecharacteristic
(EPC)of X whenX is toolargeto beentirelycontained
in only one measurementfield? An answer was
givenwhenthemeasurementfields areparallelotopes
(Bhanu-Prasadet al., 1989).This papergivesa more
generalanswerby assumingthe measurementfields
to be convex polytopes.A simpleandnaturalway to
introducethem is to considerthem as the cells of a
tessellationas in the next section.The formula for
the EPC of X is then given in the following section
and shown to generalizethat of Bhanu-Prasadet al.
Simplificationsoccur in the casewhen X is a union
of cells of the tessellation.The formula thusderived
has interestingconsequenceswhen the cells of the
tessellationareinterpretedasdigitizationcells.In this
case,the formulaobtainedunifiesandextendsseveral
classicaldigitizationresults(e.g. Serra,1982).

TESSELLATION

A tessellationis afamily � Zi � i � I � of subsetsin � d

thatsatisfiesthefollowing properties:

i) All Zi are convex polytopes with non-empty
interior.

ii) Theinteriorsof theZi ’s arepairwisedisjoint.

iii) Theunionof theZi ’s is � d .

iv) The family is locally finite: the numberof Zi ’s
hitting any boundedsetis finite.

Fig. 1. Examplesof planar tessellations.

EachpolytopeZi is called a cell. Dependingon
the problemaddressed,a cell canbe seeneitherasa
measurementfield or asa digitizationcell. Becauseof
i) andiv), aconvex tessellationhasacountablenumber
of cells. Examplesof tessellationsinclude regular
grids,thezonesof influenceof any infinite andlocally
finite populationof points, the polytopeslimited by
any infinite andlocally finite setof hyperplanes.Fig.
1 showsa few examplesof planartessellations.

A tessellation is usually handled via the
intersectionsbetweenits cells. The non-emptyones
arecalledfacets. Note thata facetis not necessarilya
faceof a polytope.For instance,the horizontaledges
of the rectangleson top right of Fig. 1 arenot facets.
Note also that a facet can often be written in more
thanoneway asan intersectionof cells.For instance,
a vertex on top left of Fig. 1 can be written as the
intersectioneither of 4 rectanglesor of 2 diagonally
opposedrectangles.Let F be a facet.The dimension
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of F, say dimF , is definedas the dimensionof the
smallestaffine subspacethatcontainsF. It shouldnot
bemistakenwith theorder of F that is thenumberof
cells that containsF. The setof all facetsis denoted
by � .

REGIONAL MEASUREMENT

Let X beapolyconvex subsetof � d , andlet � Zi � i �
I � bea tessellationin � d . Assumethat its cellsact as
measurementfields.In orderto evaluatetheEPCN � X �
of X, let usstartwith

N � X ��� N � X 	
� d �� N � X 	��
� i � IZi ���� N �
� i � I � X 	 Zi ����� (1)

BecausetheEPCisadditive,N � X � canberewritten

N � X ��� ∑
/0 �� J � I

��� 1� #J � 1N � X 	 ZJ ��� (2)

where#J is thecardinalityof J, andwhereZJ ��	 j � JZ j .
(Eq. (2) is a mere generalizationof the standard
formula N � X ��� N � X 	 Zi ��� N � X 	 Z j ��� N � X 	 Zi 	
Z j � that holds if X is contained in the union of
both cells Zi and Z j .) The next step is to group all
ZJ’s correspondingto the same facet. After some
calculations(seeAppendix1), weobtain

N � X ��� ∑
F � � ��� 1� d � dimF N � X 	 F �!� (3)

Fig. 2. Example of regional measurement. The
measurementfieldsarethecellsof thetessellation.The
EPCof thedarkdomainis N � X �"� 14 � 23 � 10 � 1.

As an illustration, supposethat X is the dark
domain of Fig. 2. This domain hits 14 facets of
dimension2 (cells),23 facetsof dimension1 (edges)
and 10 facetsof dimension0 (vertices). Moreover
N � X 	 F �#� 1 for eachfacetF hitting X. Accordingly,
theEPCof X is N � X �$� 14 � 23 � 10 � 1.

DISCRETIZATION

Thesametessellation� Zi � i � I � is still considered,
but from now on thesetX is assumedto bea unionof
cells.Onepossibleinterpretationis to saythat X is a
digitizedset,thecellsactingas’pixels’ or digitization
cells.(For practicalpurposes,wedonotlimit ourselves
to regular tessellations).It canbeshown that theEPC
of X involves only the facetscontained in X (see
Appendix2)

N � X �%� ∑
F �&� �'� 1� dimF 1

F � X
� (4)

In thecasewhereX is acell of thetessellation,Eq.
(4) is nothingbut theusualEulerformulafor polytopes
(seeAppendix2)

1 � ∑
F � � ��� 1� dimF 1

F � X
� (5)

whereasEq.(3) gives��� 1� d � ∑
F �&� �'� 1� dimF 1

X ( F �� /0
� (6)

Fig. 3. If X is a union of cells, then only the facets
within it needto beconsidered.Eq. (4) givesN � X ���
9 � 45 � 36 � 0.

As an example, considerthe shadeddomain on
Fig. 3. This domain contains9 facetsof dimension
2 (cells), 45 facetsof dimension1 (edges)and 36
facetsof dimension0 (vertices).Applying Eq. (4),
we find that its EPC is equal to 9 � 45 � 36 � 0.
Of course,the EPC of X could have beenobtained
as well starting from Eq. (3): N � X �)� 27 � 63 �
36 � 0. Notice however that Eq. (3) producesmore
complicatedcoefficientsthanEq. (4) for two reasons.
Firstly, all facetshitting X andnotonly thosecontained
in X are accountedfor. The difference is already
significant in the presenttwo-dimensionalcase(27
cells insteadof 9, and 62 edgesinsteadof 45). It
may be considerablefor three-dimensionaldigitized
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sets.Secondly, the contribution of eachfacet is not
alwaysequalto 1 (e.g. the edgein the hole of X has
a contributionequalto 2).

Eq. (4) remindsus of that usedfor measuringthe
EPCof setsdigitizedonregulargrids(e.g. Serra,1982)
for thesquare,triangularandcubicgrids).This is not
surprising insofar as regular grids and tessellations
can both be used for sampling a set. In the first
case,the sampledset is countableandits topological
propertiesare specifiedby a graph induced on the
grid. In the secondone,the set is approximatedasa
unionof cells(Schmitt,2000).It thereforestill remains
continuous.Its topologicalpropertiesarespecifiedby
theneighbourhoodrelationshipsbetweenthecells.

The variousEPC formulaefor digitized setscan
simply be obtainedby replacing each pixel of the
digitizedsetby its zoneof influenceonthegrid, taking
theunionof thezonesof influenceandapplyingEq.(4)
to thesetobtained.Thisprocedureworkswhatever the
typeof grid considered.

CONCLUSION

In this paper two formulae have beenproposed
for evaluating the EPC of continuous sets using
tessellations.The first one is designedto cope with
the problemsassociatedwith regional measurements.
The secondone provides a unifying framework for
measuringthe EPC on digitized sets.Both formulae
arevalid whatever theworkspacedimension.

Although not explicitly mentionedin the paper,
the formulae obtainedcan be extendedto evaluate
any additive functional on polyconvex sets (e.g.
Minkowski functionals).
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APPENDIX 1: PROOF OF EQ. (3)

Becauseof (2), we alreadyknow that the EPCof
X canbewritten as

N � X �$� ∑
F � � ε � F � N � X 	 F � (7)

with

ε � F ��� ∑
J � I

�'� 1� #J � 11ZJ
� F �

It remainsto show thatthevaluationε � F � is equal
to ��� 1� d � dimF for each facet F . This is made by
inductionon theworkspacedimension.

Supposeat first d � 1. If dimF � 1, then F
is a cell and ε � F �*�+��� 1� 1 � 1 � 1. If dimF � 0,
then F is the intersectionof two adjacentcells and
ε � F ���,��� 1� 2 � 1 �-� 1. In bothcases,wehaveε � F ������ 1� d � dimF .

Suppose now that the result is valid for
tessellationsin � d � 1. We want to establish it for
tessellationsin � d . To achieve this goal, two cases
areconsidered:

First case: dim F . 0

Then the (relative) interior of F containsat least
two distinctpoints.Let H betheir medialhyperplane.
The tessellation / �0� Zi � i � I � induces another
tessellation/213�4� Z 1i � i � I 15� in H, with Z 1i � Zi 	 H,
andI 16�-7 i � I : Zi 	 H 8� /0 9 .

Z jZ i

F

H
Z’jZ’i

Fig. 4. Example of a tessellation induced on a
hyperplane.

Note that F 	 H is a facet of /21 . Its valuation
is ε 1:� F 	 H ��� ∑J � I ; ��� 1� #J � 11Z ;J � F ( H . But thesubsets
J < I 1 suchthatZ 1J � F 	 H coincidewith thesubsets
J < I suchthatZJ � F. Accordingly, ε 1 � F 	 H ��� ε � F � .
Moreover, we have ε 1 � F 	 H �=�>��� 1� d � 1 � dim ? F ( H @
becauseof the induction assumption.Finally, the
dimensionof F 	 H is dimF � 1. Consequently,

ε � F ��� ε 1 � F 	 H �� ��� 1� d � 1 � dim ? F ( H @� ��� 1� d � 1 �A? dimF � 1@� ��� 1� d � dimF � (8)
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Second case: dim F = 0

In this caseF is a vertex, say v. Thereexists a
scalarδ B 0 suchthat the hypersphereS with center
v and radius δ hits all facetsthat containv (except7 v 9 itself) and only them.The intersectionsof these
facetsandSarethefacesof ahypersphericalpolytope,
on which the Euler-Poincaŕe formula (Sommerville
(1958))canbeapplied

∑
G �&� �'� 1� dim ? G( S@ 1G C F � 1 �D��� 1� d � (9)

(G E F meansG F F andG 8� F). Usingthefact that
dim � G 	 S�$� dimG � 1, wecanderive

∑
G �&� ��� 1� d � dimG1G C F � 1 �G�'� 1� d � (10)

Notealsothatthefacetsinvolvedin thesummation
havetheirdimensionstrictly positive.Accordingto the
first case,this gives

∑
G �&� ε � G� 1G C F � 1 �D��� 1� d � (11)

Now, the left hand side of this equationis very
similar to what we get if we apply (5) with X � F.
Theonly differenceis thatthefacetF doesnot appear
in the summation.Accordingly, we have 1 � ε � F �H�
1 �G�'� 1� d, or equivalently

ε � F �I���'� 1� d �J��� 1� d � dimF � (12)

whichcompletestheproof.

APPENDIX 2: PROOF OF EQ. (4)

As a matterof fact, we are going to establisha
moregeneralresultthanEq. (4): if X is a finite union
of facets,then

N � X �K� ∑
F � � ��� 1� dimF1F � X � (13)

Let usassumeat first thatX is a facet.ThenX can
beseenasaconvex polytopeof � dim X. Its facesarethe
facetsof thetessellationthat it contains.Applying the
Eulerformula,weobtain

1 �G�'� 1� dimX � ∑
F �&� ��� 1� dimF1F L X � (14)

(F M X meansF < X andF 8� X). But 1 � N � X � and
the term ��� 1� dimX correspondsto the facet F � X.
Thereforetheformulais valid for facets.

Assumenow thatX is a finite unionof facets,say
X �2� j � JFj . BecauseN is additive,we have

N � X �%� ∑
/0 �� K � J

��� 1� #K � 1N � FK ��� (15)

EachFK is eithera facetor empty. In both cases,
wecanwrite

N � FK �I� ∑
F �&� ��� 1� dimF1F � FK

� (16)

Hence

N � X �%� ∑
/0 �� K � J

��� 1� #K � 1 ∑
F �&� �'� 1� dimF1F � FK

� (17)

Thesummationorderis now reversed

N � X ��� ∑
F � � ��� 1� dimF1F � X ∑

/0 �� K � J

��� 1� #K � 11FK N F �
(18)

Now, let L �O7QPR� J SFT�F F 9 . NotethatFK F F if and
only if K < L. Consequentlywehave

∑
/0 �� K � J

��� 1� #K � 11FK N F � ∑
/0 �� K � L

��� 1� #K � 1 � (19)

Becausethenumberof subsetsof L with cardinalityk
is U #Lk V , theright-handsideis equalto

∑
/0 �� K � L

��� 1� #K � 1 � #L

∑
k� 1

W
#L
k X ��� 1� k � 1 (20)

� �ZY
��� 1 � 1� #L � 1[ (21)� 1 � (22)

It thensufficesto insertthis resultinto Eq. (18) to get
thedesiredresult.
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