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ABSTRACT

The morphology of fatigue fracture surface (caused by constant cycle loading) is strictly related to crack
growth rate. This relation may be expressed, among other methods, by means of fractal analysis. Fractal
dimension as a single numerical value is not sufficient. Two types of fractal feature vectors are discussed:
multifractal and multiparametric. For analysis of images, the box-counting method for 3D is applied with
respect to the non-homogeneity of dimensions (two in space, one in brightness). Examples of application are
shown: images of several fracture surfaces are analyzed and related to crack growth rate.
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INTRODUCTION

One of the basic tasks of qualitative fractography is
the reconstitution of fatigue crack growth history
from the morphology of the crack surface. The
merits of all methods consist in relating the morphology
of crack surface to the crack growth rate (CGR).
As a basis for expressing this relation, fractal analysis
may also be used (among many other methods).

The main characteristic of an object from the
viewpoint of fractal geometry is a numeric parameter —
the fractal dimension. This way of fractal analysis
was also applied in fractography, e.g., Wiencek and
Czarski, 2000, Mazancova and Mazanec, 2000, Némec
et al., 2000. Mecholsky et al., 2002, Mecholsky 2006,
Carpinteri et al., 2002 and Carpinteri and Spagnoli,
2004, related fractal dimension to parameters of
fracture mechanics. In these cases, application of
fractal dimension led to valuable results.

SekereSova (2004) studied the relation between
fractal dimension of images of fracture surfaces and
fatigue crack growth rate. The relationships did not
prove to be sufficiently tight for fractographic
applications. Also when different methods for
characterizing the images of fracture surfaces were
used, it was found that images cannot be characterized
by a single numerical parameter. This is due to the
fact that the character of fracture surface is too
multiform, complicated and variable. At least several
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parameters have to be used in order to represent the
morphology of crack surface, being simultaneously
sufficient for estimating crack growth rate.

In addition, standard methods for estimation of the
fractal dimension inherently presuppose the condition of
self-similarity. However, fractographic structures often
do not satisfy this condition to an acceptable degree.

Because of these considerations, we decided to
seek for multidimensional fractal characteristics that
would be free of the presumption of self-similarity
and applicable in the fractography of fatigue fractures.

MATERIAL AND METHODS

FRACTOGRAPHY OF FATIGUE
FRACTURES

The general aim of fractography is to relate the
morphology of a fracture surface to conditions of the
fracture process (material, loading, temperature,
environment, crack growth direction and rate, etc.).
Within this frame, quantitative fractography uses
numerical parameters to characterize morphologic
features of the fracture surface. One of the most
successful applications is the reconstitution of the
fatigue crack growth history from the fracture surface.

All analyses of this type contain the following
steps:



- Laboratory experiments: specimens of the investi-
gated material are loaded under the given
conditions. Crack growth is recorded so that
CGR can be assigned to each location of the
crack surface.

- Images of crack surfaces in a selected magnification
are usually created by means of a scanning
electron microscope (SEM). CGR is assigned
to single images.

- Using a suitable method, each image is characte-
rized (all images in the same way) by a set of
numerical parameters - feature vector.

- Feature vectors are related to CGR by means of
multidimensional statistical methods or a neural
network.

Textural method

Within conventional fractography, great magnifi-
cations are used (from about 1000x to 30000%) and
images are characterized by a single number - striation
spacing.

In textural fractography, smaller magnifications
are applied, typically 200x. Images are understood as
image textures. Images are characterized by a feature
vector consisting of several, up to several tens, of
components. It may be constructed in many ways
(Lauschmann et al., 2002): from a decomposition
(Fourier, Wavelet, etc.), via extracting objects and
describing them by means of stochastic geometry,
from a random field model (Markov, Gibbs), etc.
Within this paper, several modifications of fractal
geometry will be applied to compose image feature
vectors.

Multilinear model

Let us assume a set of images denoted by index i
= 1,...,n with assessed CGR values v; The image
feature vectors composed of k elements are f; = [f;,
., fi]. The most simple model of the relation
between images and CGRs (usually taken as log(v))
may be expressed in a multilinear form (Lauschmann
etal.,2002)

k
log(vi)chjfij +c,,,i=1...,n, (1)
Jj=1

giving one equation for each image. The set of
constants ¢ = [cy, ..., Cx+1] can be simply estimated by
the least squares method.

Tests of the statistical significance of the
contribution of single image features f; allow exclusion
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of those not predicating CGR. To receive valuable
results, the system of equations must be strongly
overdetermined: the number of equations must be
much higher than the number of estimated constants
¢, ie., the number of images n must exceed the
number of image features & several times.

Experiment

CT-specimens (Fig. 1) of stainless steel AISI
304L were loaded by a constant cycle in tension with
P, =1450 N, P,,..=4850 N, at frequencies 0.5 to 10
Hz, at running temperature 20 °C in a corrosive
aggressive aqueous solution, denoted as B-water. The
status of the process of crack growth was regularly
recorded during the loading in the form of couples
[number of loading cycles, crack length].

Fatigue crack surfaces were documented using
SEM with magnification 100x, 200x and 500% (the
real field of view being about 1.2 x 0.9, 0.6 x 0.45,
and 0.24 x 0.18 mm, respectively). A sequence of
images was located in the middle of the crack surface;
the images were distanced by 0.4 mm. The direction
of the crack growth in images was bottom-up. Digital
representation in 1200 x 1600 pixels and 256 brightness
levels was used. Images were normalized to remove
large-scale fluctuations of mean brightness and contrast.

Crack rates were assigned to single images from
laboratory records mentioned above.
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Fig. 1. Specimen for fatigue tests and locating of images
in crack surface.
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Fig. 2. Typical texture in an image of crack surface.

FRACTAL ANALYSIS

The central concept behind fractal and multifractal
analysis is the notion of self-similarity, by which we
understand that an object looks the same (or similar)
under different magnifications. A fractal is then an
object which is highly self-similar.

Fractal objects can be assigned a unique number
called the fractal (Hausdorff) dimension, which is a
non-integer in the case of fractals, and quantifies the
self-similarity of an object.

Mathematically speaking, fractal objects are sets.
This represents a binary information. A generalization
of fractals are multifractals which are mathematical
sets with a measure. In the case of digital images, the
difference between fractals and multifractals is similar
to the difference between a binary (black and white)
image and a grayscale image.

Thus multifractal theory takes into account the
differences between points in a set. Multifractals are
described by an infinite number of generalized
dimensions, in comparison with ordinary fractals
characterized by one dimension. For more on
multifractal theory, see Hentschel and Proccaccia,
1983, Olsen, 1995 and Bednatik, 2006.

Box-counting method

The box-counting dimension is a suitable parameter
describing the fractal character of two- and three-
dimensional objects. In fact, it refers to one of many
estimation methods defining more or less different
types of fractal dimensions. However, for the sake of
simplicity we will call it the "fractal dimension".

The object is covered by boxes (cubes, respecti-
vely), and their number is recorded. In a graph, we
can reflect the dependence of the number of boxes
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(cubes) N on the box (cube) side length r, both in
logarithmic scale. Fractal dimension Dy is defined as
(Kaye, 1989)

D, = lim PNV
—0 —Inr

2)

For estimation, the dependence of In NV on In 7 is
fitted by a line

InN=p Inr+p, . (3)
Substituting from Eq. 3 to Eq. 2 we receive
. Inr+
D, =lim2 TP 4)

=0 —|nr

The term p, disappears because the denominator
tends to infinity.

Brightness ratio

The box-counting method for 3D may also be
used for the fractal analysis of gray-scale images. In
this case, two dimensions are defined by lateral
coordinates in the plane of the image, with the pixel
size as the standard measuring unit. The third dimension
is defined by the value of brightness. As the basic
measure for the third dimension, the 8-bit scale (the
range of 256 brightness values) may be taken. However,
with respect to the non-homogeneity of the set of
dimensions, the ratio size unit / brightness unit is not
obvious and its effect should be investigated.

In order to explore how the choice of units
influences the results, we have introduced the brightness
ratio p; defined by equation

)

For example, let us compare selections p; = 0.25
(6-bit brightness range corresponding with the human
eye sensitivity) and p; =1 (standard 8-bit brightness
range). The spatial and brightness intervals are paired
differently - the “cube height” in the second case is a
quarter in comparison with the first case. Primary
images quantized to pj = 1 may be transferred to another
brightness ratio by multiplying brightness with the
requested value p;.

p; = number of brightness levels assumed / 256.

Multiparametric fractal image feature
vector

The idea is derived in a simple way from the
algorithm for estimating the conventional fractal
dimension. Instead of the final fractal dimension, we
use its source data - the whole relation In N to In»
(Sekeresova and Lauschmann, 2005). With a unified
choice of the set of values », we work with the
corresponding N(r) values obtained from the images.



Fractal dimension, as a deterministic function of
values N(r), is inherently included in their set.
However, fluctuations of values N(r) along the
regression line (Eq. 3),

Ar)=InN-pilnr - p,, (6)

may not be fully random - they may contain valuable
information on images which is lost while estimating
the fractal dimension. In our case, these fluctuations
sensitively reflect the value of CGR, especially for
certain values of r.

Multifractal image feature vector

The multifractal approach does not investigate the
object as a fractal described by a single fractal
dimension (parameter of self-similarity) but as a more
complex combination of objects with different fractal
dimensions. It is thus described not by one but by an
infinite number of parameters called generalized
dimensions (Olsen, 1995) which are defined in a
similar manner as the box-counting dimension. We
divide space into boxes of side length » and then

In) b?
qulimLL, geR, g=#1,
—0g—1 Inr (7)
D1=1[]1£111Dq,

where b, is the total mass (in case of images, sum of

brightness values in all pixels) of the i-th box and the
sum is over all boxes with b; > 0.

For estimation, the dependence of In Zbi “onlnr
is fitted by a line

anbiqchlnr+dq . (8)
Substituting from Eq. 8 to Eq. 7 we obtain
1 . clInr+d 1
D, = lim -2 1 = )
g—-1—° Inr qg—1

The term d, disappears because the denominator
tends to infinity.

The advantage of the multifractal approach to
image analysis is that the brightness information is
already taken into account in the definition and
therefore we do not need to revert to box counting in
3-D, which can be computationally more complicated
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and requires the selection of an unphysical parameter
- the brightness ratio. Also, each image is described
by multiple parameters (depending on the choice of
gs) compared to only one parameter in the conventional
fractal analysis.

Multifractal fluctuation feature vector

Similarly as with the multiparametric method, the
information about the CGRs is contained not only in
the values of the generalized dimension D, (i.e., slope
of fitted line), but also in the fluctuations of the points
around the fitted line. For each ¢ and » we define the
fluctuation feature f{g,r) similarly as in (Eq. 6),

f(g,r)=In) b!—c Inr—d,.  (10)

RESULTS

APPLICATION OF MULTIPARAMETRIC
FRACTAL FEATURE VECTORS

Multiparametric fractal feature vectors were
estimated by the box-counting method. They were
composed of 24 N(r) components, corresponding to
the set of = {5,7,9,11,...,51} units.

The multilinear regression (Eq. 1) was used to
express the relation between CGR and the components
of the fractal feature vector. Within all computations,
8-11 features from the total number of 24 passed the
test of significance.

Examples of results are presented in Figs. 3 and
4. The purpose of the figures is to document the
quality of expression of the relation between CGR
and crack image. Therefore, output CGR values
(estimated from images) are plotted against the input
CGR values (known from experiment; it should be
stressed that the aim of this analysis was not to
estimate the unknown CGRs!). Results show a
narrow confidence belt in the area of ideal agreement,
represented by the diagonal line y = x.

The effect of the brightness ratio was investigated in
the interval of p; € (0.1; 5). The correlation coefficient
between input and output crack growth rates was
used as the quality criterion. The best results were
achieved in different cases for brightness ratios from
about 1.5 to 3.5. For all cases studied, the mean
dependence of model quality on brightness ratio is
shown in Fig. 5.



Image Anal Stereol 2008;27:63-71

+
0 05 | Crack growth rate v [,um/cycle]x; A
o
E
g 02 | xﬁgf |
—+x *X

% 0.1 + Tt |
‘E - *
2 0057 |
o]
£ 3+
8 ooz 3 1
S
o 0.017 + C12 mag. 100
i 4 + C12 mag.200
B 0.008{ - ’ * €12 mag.500 |

0.005 0.01 0.02 005 01 02 05

INPUT: from the experiment

Fig. 3. Comparison of crack growth rates estimated
from images of fracture surfaces with input values.
One specimen, different magnifications (100%, 200%,
500%). One point represents one image.
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Fig. 4. Comparison of crack growth rates estimated
from images of fracture surfaces with input values.
Three specimens together, magnification 200%. One
point represents one image.
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Fig. 6. An example of the relation between In N and
In r for a selected image; the interlacing line.

An example of the relation between In N and In
given by one image is shown in Fig. 6 together with
the regression line (Eq. 3). Only this line is projected
into the fractal dimension. The information enrichment
through the multidimensional approach is demonstrated
in Fig. 7. Fluctuations (Eq. 6), which are not reflected
by the fractal dimension, are mostly dependent on
CGR, therefore being a rich source of information
about it.
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Fig. 7. Selected fractal features for r =5 and r =9: fluctuations A(r), which are not reflected by fractal
dimension, are a valuable source of information on CGR. Three specimens together, magn. 200% (see also Fig. 4).

APPLICATION OF MULTIFRACTAL
FEATURE VECTORS

The generalized dimensions (Eq. 9) of each image
were estimated for 93 parameters ¢ equidistantly
spread over the interval (-40,60). An example is shown
in Fig. 8. Because of the high interdependence of the
features, a Principal Component Transform (PCT,
Webb, 2002) was used to create uncorrelated features.
A Sequential Backward Selection (SBS, Webb, 2002)
algorithm was used for the selection of features. The
algorithm begins with the full set of features (after
PCT) and in each step the statistically least significant
feature is removed. This is repeated until the desired
number of features is reached, in our case 25. The
results are in Fig. 9.
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Fig. 8. Examples of calculated generalized dimensions
for three selected images of specimen C16 (image 01:
low CGR, image 25: middle CGR, image 45: high
CGR). Magnification 200 x.

68

o 1 Crack growth rate v [um/cycle]
% 0
£ * g7
0, o

2 o5t o °
£ -
9 X nq)é’ x
c e
S 2
® 021 o o
£ ° oot * o C16
T o
& - o C17
£ oy xﬂx}’x i x C18
D_ X
5 o
O 0.0

0.05 0.1 0.2 0.5 1

INPUT: from the experiment

Fig. 9. Comparison of crack growth rates estimated
from images of fracture surfaces with input values.
Multifractal feature vector. Three specimens together,
magnification 200 x. One point represents one image.

APPLICATION OF MULTIFRACTAL
FLUCTUATION FEATURE VECTORS

Fluctuation features f(g,7) (Eq. 10) were calculated
for 67 values of r spread over the interval (4, 75)
equidistantly in logarithmical scale, and for 15 values
of ¢ equidistantly spread in the interval (0, 15) giving
a total of 1005 features for each image. An example
of feature values is shown in Fig. 13. Because of the
high number of features, a feature selection method
was used. The set of features with the same ¢ is
analyzed for each g separately by use of the PCT and
SBS algorithm as above. For the criterion of the
quality of regression we take the standard deviation



Image Anal Stereol 2008;27:63-71

n 2

Z();i_yi) ’

i=l1

1
n—k

(11

where #n is the number of images, & is the number of
features, y, is the estimated CGR of the i-th image

and y; is the measured CGR. This criterion takes into
account the quality of the fit, but it also penalizes too
many features. Thus the minimum of the dependence
of & on k marks the number of features after which
adding additional features is no longer effective (the
gain in the quality of the fit is not sufficient). An
example of the dependence of & on the number of
features is shown in Fig. 10. The values & of these
minima are compared for each g, the result is shown
in Fig. 11. From this it can be seen that the best fit is
achieved with the set of features f{g,r) for ¢ = 1.071.
This fit is illustrated in Fig. 12 for 29 selected features.
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Fig. 10. An example of the dependence of the standard
deviation of the regression model on the number of
features (q = 1.071).
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Fig. 11. The dependence of the minimal value of &
on q. Minimum corresponds to g = 1.071.
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Fig. 12. Comparison of crack growth rates estimated
from images of fracture surfaces with input values.
Multifractal fluctuation feature vector. Three specimens
together, magnification 200%. One point represents one
image.
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APPLICATION OF COMBINED
MULTIFRACTAL FEATURE VECTORS

Both the multifractal and multifractal fluctuation
feature vectors give good results. However,
performance can be further improved by combining
these methods. The combined feature vector was
composed so that the set of 29 fluctuation features
(Eq. 10) was supplemented by features constructed in
the same way from the 93 generalized dimensions
(Eq- 9). When the generalized dimensions were
processed as before by PCT and SBS, the dependence
of the deviation & on the number of features & attained
its minimum at 50 features. These 50 features were
incorporated into the combined feature vector, so that
it was composed of 79 features. This set was again



processed by PCT and SBS and the final set of 25
features was selected. The best agreement between
estimated and input CGRs was reached in this way,
as it is evident from Fig. 14 in comparison with Figs.
4,9 and 12.
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Fig. 14. Comparison of crack growth rates estimated
from images of fracture surfaces with input values.
Combined multifractal feature vector, 25 components.
Three specimens together, magnification 200%. One
point represents one image.

DISCUSSION

Fractal analysis that deals with a unique
characteristic - fractal dimension - is not sufficiently
discriminative for the image textural analysis in
fractography. Therefore, two types of fractal feature
vectors composed of a set of characteristics were
proposed.

Multiparametric fractal feature vector utilizes the
set of values from which - within the standard fractal
analysis - fractal dimension is estimated. Their
fluctuations along the expected line contain a lot of
information.

Multifractal theory is a generalization of fractal
geometry. Instead of one fractal dimension, the object is
characterized by a (generally infinite) set of generalized
dimensions. They may be used as components of a
fractal feature vector.

Both methods may be combined. The multipa-
rametric approach may also be applied to multifractals,
because generalized dimensions are estimated in a
similar way as the standard fractal dimension. Finally,
a fractal feature vector may be created as a compound
of characteristics of previously mentioned types. The
best results in applications are reached in the last way.
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Within applications in fractography, fractal feature
vectors give valuable results. Therefore, they should
be further developed and used for routine fractographic
analyses.

Fractal fature vectors may find use in all areas
where random geometrical structures are investigated.
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Abstract


The morphology of fatigue fracture surface (caused by constant cycle loading) is strictly related to crack growth rate. This relation may be expressed, among other methods, by means of fractal analysis. Fractal dimension as a single numerical value is not sufficient. Two types of fractal feature vectors are discussed: multifractal and multiparametric. For analysis of images, the box-counting method for 3D is applied with respect to the non-homogeneity of dimensions (two in space, one in brightness). Examples of application are shown: images of several fracture surfaces are analyzed and related to crack growth rate.


Keywords: crack growth rate, fatigue, fractal, fractography, multifractal.


Introduction


One of the basic tasks of qualitative fractography is the reconstitution of fatigue crack growth history from the morphology of the crack surface. The merits of all methods consist in relating the morphology of crack surface to the crack growth rate (CGR). As a basis for expressing this relation, fractal analysis may also be used (among many other methods). 


The main characteristic of an object from the viewpoint of fractal geometry is a numeric parameter – the fractal dimension. This way of fractal analysis was also applied in fractography, e.g., Wiencek and Czarski, 2000, Mazancová and Mazanec, 2000, Němec et al., 2000. Mecholsky et al., 2002, Mecholsky 2006, Carpinteri et al., 2002 and Carpinteri and Spagnoli, 2004, related fractal dimension to parameters of fracture mechanics. In these cases, application of fractal dimension led to valuable results. 


Sekerešová (2004) studied the relation between fractal dimension of images of fracture surfaces and fatigue crack growth rate. The relationships did not prove to be sufficiently tight for fractographic applications. Also when different methods for characterizing the images of fracture surfaces were used, it was found that images cannot be characterized by a single numerical parameter. This is due to the fact that the character of fracture surface is too multiform, complicated and variable. At least several parameters have to be used in order to represent the morphology of crack surface, being simultaneously sufficient for estimating crack growth rate.


In addition, standard methods for estimation of the fractal dimension inherently presuppose the condition of self-similarity. However, fractographic structures often do not satisfy this condition to an acceptable degree.


Because of these considerations, we decided to seek for multidimensional fractal characteristics that would be free of the presumption of self-similarity and applicable in the fractography of fatigue fractures.

MATERIAL AND Methods


Fractography of fatigue fractures


The general aim of fractography is to relate the morphology of a fracture surface to conditions of the fracture process (material, loading, temperature, environment, crack growth direction and rate, etc.). Within this frame, quantitative fractography uses numerical parameters to characterize morphologic features of the fracture surface. One of the most successful applications is the reconstitution of the fatigue crack growth history from the fracture surface. 


All analyses of this type contain the following steps:


· Laboratory experiments: specimens of the investi-gated material are loaded under the given conditions. Crack growth is recorded so that CGR can be assigned to each location of the crack surface.


· Images of crack surfaces in a selected magnification are usually created by means of a scanning electron microscope (SEM). CGR is assigned to single images. 


· Using a suitable method, each image is characte-rized (all images in the same way) by a set of numerical parameters - feature vector.


· Feature vectors are related to CGR by means of multidimensional statistical methods or a neural network. 


Textural method


Within conventional fractography, great magnifi-cations are used (from about 1000× to 30000×) and images are characterized by a single number - striation spacing. 


In textural fractography, smaller magnifications are applied, typically 200×. Images are understood as image textures. Images are characterized by a feature vector consisting of several, up to several tens, of components. It may be constructed in many ways (Lauschmann et al., 2002): from a decomposition (Fourier, Wavelet, etc.), via extracting objects and describing them by means of stochastic geometry, from a random field model (Markov, Gibbs), etc. Within this paper, several modifications of fractal geometry will be applied to compose image feature vectors. 


Multilinear model


Let us assume a set of images denoted by index i = 1,...,n with assessed CGR values vi. The image feature vectors composed of k elements are fi = [fi1, ..., fik]. The most simple model of the relation between images and CGRs (usually taken as log(v)) may be expressed in a multilinear form (Lauschmann et al., 2002)





[image: image1.wmf]1


1


log(),1,,,


k


ijijk


j


vcfcin


+


=


»+=


å


K



(1)

giving one equation for each image. The set of constants c = [c1, ..., ck+1] can be simply estimated by the least squares method. 


Tests of the statistical significance of the contribution of single image features fj allow exclusion of those not predicating CGR. To receive valuable results, the system of equations must be strongly overdetermined: the number of equations must be much higher than the number of estimated constants c, i.e., the number of images n must exceed the number of image features k several times.


Experiment


CT-specimens (Fig. 1) of stainless steel AISI 304L were loaded by a constant cycle in tension with Pmin = 1450 N, Pmax = 4850 N, at frequencies 0.5 to 10 Hz, at running temperature 20 °C in a corrosive aggressive aqueous solution, denoted as B-water. The status of the process of crack growth was regularly recorded during the loading in the form of couples [number of loading cycles, crack length].


Fatigue crack surfaces were documented using SEM with magnification 100×, 200× and 500× (the real field of view being about 1.2 × 0.9, 0.6 × 0.45, and 0.24 × 0.18 mm, respectively). A sequence of images was located in the middle of the crack surface; the images were distanced by 0.4 mm. The direction of the crack growth in images was bottom-up. Digital representation in 1200 × 1600 pixels and 256 brightness levels was used. Images were normalized to remove large-scale fluctuations of mean brightness and contrast. 


Crack rates were assigned to single images from laboratory records mentioned above.
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Fig. 1. Specimen for fatigue tests and locating of images in crack surface.
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Fig. 2. Typical texture in an image of crack surface.

Fractal analysis


The central concept behind fractal and multifractal analysis is the notion of self-similarity, by which we understand that an object looks the same (or similar) under different magnifications. A fractal is then an object which is highly self-similar.


Fractal objects can be assigned a unique number called the fractal (Hausdorff) dimension, which is a non-integer in the case of fractals, and quantifies the self-similarity of an object.


Mathematically speaking, fractal objects are sets. This represents a binary information. A generalization of fractals are multifractals which are mathematical sets with a measure. In the case of digital images, the difference between fractals and multifractals is similar to the difference between a binary (black and white) image and a grayscale image.


Thus multifractal theory takes into account the differences between points in a set. Multifractals are described by an infinite number of generalized dimensions, in comparison with ordinary fractals characterized by one dimension. For more on multifractal theory, see Hentschel and Proccaccia, 1983, Olsen, 1995 and Bednařík, 2006.


Box-counting method


The box-counting dimension is a suitable parameter describing the fractal character of two- and three-dimensional objects. In fact, it refers to one of many estimation methods defining more or less different types of fractal dimensions. However, for the sake of simplicity we will call it the "fractal dimension". 


The object is covered by boxes (cubes, respecti-vely), and their number is recorded. In a graph, we can reflect the dependence of the number of boxes (cubes) N on the box (cube) side length r, both in logarithmic scale. Fractal dimension DB is defined as (Kaye, 1989)
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For estimation, the dependence of ln N on ln r is fitted by a line
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Substituting from Eq. 3 to Eq. 2 we receive
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The term p2 disappears because the denominator tends to infinity. 


Brightness ratio


The box-counting method for 3D may also be used for the fractal analysis of gray-scale images. In this case, two dimensions are defined by lateral coordinates in the plane of the image, with the pixel size as the standard measuring unit. The third dimension is defined by the value of brightness. As the basic measure for the third dimension, the 8-bit scale (the range of 256 brightness values) may be taken. However, with respect to the non-homogeneity of the set of dimensions, the ratio size unit / brightness unit is not obvious and its effect should be investigated.


In order to explore how the choice of units influences the results, we have introduced the brightness ratio pj defined by equation


pj = number of brightness levels assumed / 256.
(5)


For example, let us compare selections pj = 0.25 (6-bit brightness range corresponding with the human eye sensitivity) and pj = 1 (standard 8-bit brightness range). The spatial and brightness intervals are paired differently - the “cube height” in the second case is a quarter in comparison with the first case. Primary images quantized to pj = 1 may be transferred to another brightness ratio by multiplying brightness with the requested value pj. 


Multiparametric fractal image feature vector


The idea is derived in a simple way from the algorithm for estimating the conventional fractal dimension. Instead of the final fractal dimension, we use its source data - the whole relation ln N to ln r (Sekerešová and Lauschmann, 2005). With a unified choice of the set of values r, we work with the corresponding N(r) values obtained from the images. 


Fractal dimension, as a deterministic function of values N(r), is inherently included in their set. However, fluctuations of values N(r) along the regression line (Eq. 3), 



(r) = ln N - p1ln r - p2,
(6)


may not be fully random - they may contain valuable information on images which is lost while estimating the fractal dimension. In our case, these fluctuations sensitively reflect the value of CGR, especially for certain values of r. 


Multifractal image feature vector


The multifractal approach does not investigate the object as a fractal described by a single fractal dimension (parameter of self-similarity) but as a more complex combination of objects with different fractal dimensions. It is thus described not by one but by an infinite number of parameters called generalized dimensions (Olsen, 1995) which are defined in a similar manner as the box-counting dimension. We divide space into boxes of side length r and then
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where 
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 is the total mass (in case of images, sum of brightness values in all pixels) of the i-th box and the sum is over all boxes with bi > 0.


For estimation, the dependence of 
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on ln r is fitted by a line
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Substituting from Eq. 8 to Eq. 7 we obtain
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The term dq disappears because the denominator tends to infinity. 


The advantage of the multifractal approach to image analysis is that the brightness information is already taken into account in the definition and therefore we do not need to revert to box counting in 3-D, which can be computationally more complicated 




and requires the selection of an unphysical parameter - the brightness ratio. Also, each image is described by multiple parameters (depending on the choice of qs) compared to only one parameter in the conventional fractal analysis. 


Multifractal fluctuation feature vector


Similarly as with the multiparametric method, the information about the CGRs is contained not only in the values of the generalized dimension Dq (i.e., slope of fitted line), but also in the fluctuations of the points around the fitted line. For each q and r we define the fluctuation feature f(q,r) similarly as in (Eq. 6), 
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RESULTS


Application of multiparametric fractal feature vectors


Multiparametric fractal feature vectors were estimated by the box-counting method. They were composed of 24 N(r) components, corresponding to the set of r = {5,7,9,11,…,51} units. 


The multilinear regression (Eq. 1) was used to express the relation between CGR and the components of the fractal feature vector. Within all computations, 8-11 features from the total number of 24 passed the test of significance. 


Examples of results are presented in Figs. 3 and 4. The purpose of the figures is to document the quality of expression of the relation between CGR and crack image. Therefore, output CGR values (estimated from images) are plotted against the input CGR values (known from experiment; it should be stressed that the aim of this analysis was not to estimate the unknown CGRs!). Results show a narrow confidence belt in the area of ideal agreement, represented by the diagonal line y = x.


The effect of the brightness ratio was investigated in the interval of pj ( (0.1; 5(. The correlation coefficient between input and output crack growth rates was used as the quality criterion. The best results were achieved in different cases for brightness ratios from about 1.5 to 3.5. For all cases studied, the mean dependence of model quality on brightness ratio is shown in Fig. 5. 
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Fig. 3. Comparison of crack growth rates estimated from images of fracture surfaces with input values. One specimen, different magnifications (100×, 200×, 500×). One point represents one image.
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Fig. 4. Comparison of crack growth rates estimated from images of fracture surfaces with input values. Three specimens together, magnification 200×. One point represents one image.
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Fig. 5. The mean trend in the effect of brightness ratio.
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Fig. 6. An example of the relation between ln N and ln r for a selected image; the interlacing line.

An example of the relation between ln N and ln r given by one image is shown in Fig. 6 together with the regression line (Eq. 3). Only this line is projected into the fractal dimension. The information enrichment through the multidimensional approach is demonstrated in Fig. 7. Fluctuations (Eq. 6), which are not reflected by the fractal dimension, are mostly dependent on CGR, therefore being a rich source of information about it. 
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Fig. 7. Selected fractal features for r = 5 and r = 9: fluctuations (r), which are not reflected by fractal dimension, are a valuable source of information on CGR. Three specimens together, magn. 200× (see also Fig. 4).


Application of multifractal feature vectors


The generalized dimensions (Eq. 9) of each image were estimated for 93 parameters q equidistantly spread over the interval (-40,60(. An example is shown in Fig. 8. Because of the high interdependence of the features, a Principal Component Transform (PCT, Webb, 2002) was used to create uncorrelated features. A Sequential Backward Selection (SBS, Webb, 2002) algorithm was used for the selection of features. The algorithm begins with the full set of features (after PCT) and in each step the statistically least significant feature is removed. This is repeated until the desired number of features is reached, in our case 25. The results are in Fig. 9.
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Fig. 8. Examples of calculated generalized dimensions for three selected images of specimen C16 (image 01: low CGR, image 25: middle CGR, image 45: high CGR). Magnification 200×.
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Fig. 9. Comparison of crack growth rates estimated from images of fracture surfaces with input values. Multifractal feature vector. Three specimens together, magnification 200×. One point represents one image.

Application of multifractal fluctuation feature vectors


Fluctuation features f (q,r) (Eq. 10) were calculated for 67 values of r spread over the interval (4, 75( equidistantly in logarithmical scale, and for 15 values of q equidistantly spread in the interval (0, 15( giving a total of 1005 features for each image. An example of feature values is shown in Fig. 13. Because of the high number of features, a feature selection method was used. The set of features with the same q is analyzed for each q separately by use of the PCT and SBS algorithm as above. For the criterion of the quality of regression we take the standard deviation
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where n is the number of images, k is the number of features, 
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 is the estimated CGR of the i-th image and yi is the measured CGR. This criterion takes into account the quality of the fit, but it also penalizes too many features. Thus the minimum of the dependence of 
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 on k marks the number of features after which adding additional features is no longer effective (the gain in the quality of the fit is not sufficient). An example of the dependence of 
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 on the number of features is shown in Fig. 10. The values 
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 of these minima are compared for each q, the result is shown in Fig. 11. From this it can be seen that the best fit is achieved with the set of features f(q,r) for q = 1.071. This fit is illustrated in Fig. 12 for 29 selected features. 
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Fig. 10. An example of the dependence of the standard deviation of the regression model on the number of features (q = 1.071).
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Fig. 11. The dependence of the minimal value of 
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 on q. Minimum corresponds to q = 1.071.
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Fig. 12. Comparison of crack growth rates estimated from images of fracture surfaces with input values. Multifractal fluctuation feature vector. Three specimens together, magnification 200×. One point represents one image.
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Fig. 13. An example of the values of the features f(q,r) for q = 1.071 for selected image.

Application of combined multifractal feature vectors


Both the multifractal and multifractal fluctuation feature vectors give good results. However, performance can be further improved by combining these methods. The combined feature vector was composed so that the set of 29 fluctuation features (Eq. 10) was supplemented by features constructed in the same way from the 93 generalized dimensions (Eq. 9). When the generalized dimensions were processed as before by PCT and SBS, the dependence of the deviation 
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 on the number of features k attained its minimum at 50 features. These 50 features were incorporated into the combined feature vector, so that it was composed of 79 features. This set was again processed by PCT and SBS and the final set of 25 features was selected. The best agreement between estimated and input CGRs was reached in this way, as it is evident from Fig. 14 in comparison with Figs. 4, 9 and 12.
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Fig. 14. Comparison of crack growth rates estimated from images of fracture surfaces with input values. Combined multifractal feature vector, 25 components. Three specimens together, magnification 200×. One point represents one image.

DISCUSSION


Fractal analysis that deals with a unique characteristic - fractal dimension - is not sufficiently discriminative for the image textural analysis in fractography. Therefore, two types of fractal feature vectors composed of a set of characteristics were proposed.


Multiparametric fractal feature vector utilizes the set of values from which - within the standard fractal analysis - fractal dimension is estimated. Their fluctuations along the expected line contain a lot of information.


Multifractal theory is a generalization of fractal geometry. Instead of one fractal dimension, the object is characterized by a (generally infinite) set of generalized dimensions. They may be used as components of a fractal feature vector.


Both methods may be combined. The multipa-rametric approach may also be applied to multifractals, because generalized dimensions are estimated in a similar way as the standard fractal dimension. Finally, a fractal feature vector may be created as a compound of characteristics of previously mentioned types. The best results in applications are reached in the last way. 


Within applications in fractography, fractal feature vectors give valuable results. Therefore, they should be further developed and used for routine fractographic analyses.


Fractal fature vectors may find use in all areas where random geometrical structures are investigated. 

Acknowledgement


This research has been supported by the Ministry of Education of the Czech Republic, research projects "Diagnostics of Materials" No. MSM 6840770021, and "Applied Mathematics in Technical and Physical Sciences" No. MSM 6840770010. 


References


Bednařík P (2006). Advanced methods of fractal geometry. [Research study – in Czech.] Czech Tech. Univ. Prague, Faculty of Nuclear Sci. and Physical Engng., Dept. of Mathematics.


Carpinteri A, Spagnoli A, Vantadori S (2002). An approach to size effect in fatigue of metals using fractal theories. Fatigue Fract Eng M 25(7):619-27.


Carpinteri A, Spagnoli A (2004). A fractal analysis of size effect on fatigue crack growth. Int J Fatigue 26(2):125-33.


Hentschel HGE, Proccaccia I (1983). The infinite number of generalized dimensions of fractals and strange attractors. Physica D 8:435-44.


Kaye BH (1989). A random walk through fractal dimensions. New York: John Willey & Sons.


Lauschmann H, Tůma M, Ráček O, Nedbal I (2002). Textural fractography. Image Anal Stereol 21(Suppl 1):S49-S59.


Mazancová E, Mazanec K (2000). Fractal characterization of fracture surfaces in intercritically annealed bainitic steel. In: Parilák L, ed. Fractography 2000. Stará Lesná, Slovakia: Institute of Materials Research of the Slovak Academy of Sciences, Košice, 108-15.


Mecholsky JJ, West JK, Passoja DE (2002). Fractal dimension as a characterization of free volume created during fracture in brittle materials. Phil Mag A 82(17/18): 3163-76.


Mecholsky JJ (2006). Estimating theoretical strength of brittle materials using fractal geometry. Materials Letters 60:2485-8. 


Němec O, Holzmann M, Dlouhý I (2000). Fractal analysis of fracture surfaces of NiCr steels in transition area [in Czech]. In: Parilák L, ed. Fractography 2000. Stará Lesná, Slovakia: Institute of Materials Research of the Slovak Academy of Sciences, Košice, 116-22.


Olsen L (1995). A multifractal formalism. Adv Math 116: 82-195.


Sekerešová Z (2004). Application of fractal geometry in textural fractography of fatigue fractures. [Research study – in Czech.] Czech Tech. Univ. Prague, Faculty of Nuclear Sci. and Physical Engng., Dept. of Materials. 


Sekerešová Z, Lauschmann H (2005). A fractal study of images of fatigue fracture surfaces in relation to the crack growth rate. Juniormat ‘05. Brno, Czech Rep., 31-4.



Webb AR (2002). Statistical pattern recognition. Chichester: John Wiley & Sons. 


Wiencek K, Czarski A (2000). Fractal characterization of fracture surfaces. In: Wojnar L and Rozniatowski K, eds. Int. Conf. on Stereology and Image Analysis in Material Science. Kraków, Poland: Polish Society for Stereology, 427-30.


























































































































































































































































































































































































































68

70

69



_1241436856.unknown



_1241436870.unknown



_1258464131.unknown



_1265099761.unknown



_1241436872.unknown



_1241436873.unknown



_1241436871.unknown



_1241436867.unknown



_1241436869.unknown



_1241436866.unknown



_1241436850.unknown



_1241436854.unknown



_1241436855.unknown



_1241436852.unknown



_1241436848.unknown



_1241436849.unknown



_1241436847.unknown




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /Arial-Black
    /Arial-BoldItalicMT
    /Arial-BoldMT
    /Arial-ItalicMT
    /ArialMT
    /ArialNarrow
    /ArialNarrow-Bold
    /ArialNarrow-BoldItalic
    /ArialNarrow-Italic
    /ArialUnicodeMS
    /TimesNewRomanPS-BoldItalicMT
    /TimesNewRomanPS-BoldMT
    /TimesNewRomanPS-ItalicMT
    /TimesNewRomanPSMT
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000500044004600206587686353ef901a8fc7684c976262535370673a548c002000700072006f006f00660065007200208fdb884c9ad88d2891cf62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef653ef5728684c9762537088686a5f548c002000700072006f006f00660065007200204e0a73725f979ad854c18cea7684521753706548679c300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020b370c2a4d06cd0d10020d504b9b0d1300020bc0f0020ad50c815ae30c5d0c11c0020ace0d488c9c8b85c0020c778c1c4d560002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken voor kwaliteitsafdrukken op desktopprinters en proofers. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents for quality printing on desktop printers and proofers.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /NoConversion
      /DestinationProfileName ()
      /DestinationProfileSelector /NA
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure true
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


